This paper proves the following result: Assume G is a triangle free planar graph, X is an independent set of G. If L is a list assignment of G such that L(v) = 4 for each vertex v ∈ V (G) − X and L(v) = 3 for each vertex v ∈ X, then G is L-colourable.
Introduction
Given a graph G and a function f from V (G) to N . An f -list assignment of G is a mapping L which assigns to each vertex v of G a set L(v) of f (v) integers as available colours. Given a list assignment L of G, an L-colouring of G is a mapping φ ∶ V (G) → N such that φ(v) ∈ L(v) for each vertex v and φ(x) ≠ φ(y) for each edge xy. We say G is L-colourable if there exists an L-colouring of G. A k-list assignment of G is an f -list assignment of G with f (v) = k for all v ∈ V (G). We say G is f -choosable (respectively kchoosable) if G is L-colourable for all f -list assignments (respectively, k-list assignments) L of G.
List colouring of graphs was introduced in 1970's by Vizing [10] and independently by Erdős, Rubin and Taylor [3] and has been studied extensively in the literature. Thomassen showed that every planar graph is 5-choosable [9] , and every planar graph with girth at least 5 is 3-choosable [8] . A classical result of Grötzsch [4] says that every triangle free planar graph is 3-colourable. However, Voigt [11] constructed a triangle free planar graph which is not 3-choosable. Kratochvíl and Tuza [7] observed that every triangle free planar graph is 4-choosable.
A natural question is how far from 3-choosability can a triangle free planar graph be? For this question to be meaningful, we need some refinements of the choice number of a graph. A few such refinements and variations are studied recently [5, 6, 12, 13, 14] .
Definition 1 Assume G is a graph, k is a positive integer and X is a subset of V (G). Let f X,k be the mapping defined as f X,k (v) = k if v ∈ X and f X,
We say X is k-sufficient if G is f X,k -choosable. For a real number 0 ≤ < 1, G is called (k + )-choosable if every subgraph H of G has a k-sufficient subset X ⊆ V (H) with X ≥ (1 − ) V (H) .
It is proved in [5] that every planar graph is (4 + 1 2 )-choosable. The infimum of those for which every planar graph is (4+ )-choosable is a challenging open problem. So is the problem as to determine (or to find bounds for) the infimum of those for which every triangle free planar graph is (3 + )-choosable. The concept of strong fractional choice number studied in [6, 12] and the concept of λ-choosability studied in [13] provide refinements of choice number from different prospectives.
In this paper, we are interested in the problem as what subsets X of a particular (k + 1)-choosable graph G is k-sufficient. One such result was proved in [2] : Theorem 1 ( [2] ) If G is a planar graph, then every subset X of V (G) whose vertices are pairwise of distance at least 11 (i.e., d G (u, v) ≥ 11 for distinct vertices u, v of X) is 4-sufficient.
This paper is interested in triangle free planar graphs. As every triangle free planar graph is 4-choosable, it is natural to ask what subsets X of a triangle free planar graph are 3-sufficient. We propose the following conjecture.
Conjecture 2 Assume G is a triangle free planar graph, X is a subset of V (G) such that G[X] is a bipartite graph. Then X is 3-sufficient.
It is known that the conjecture is true if G itself is bipartite, i.e., bipartite triangle free planar graphs are 3-choosable [1] . In this paper, as a support of Conjecture 2, we prove the following result:
Theorem 3 If G is a triangle free planar graph, then every independent set X of G is 3-sufficient.
Since every triangle free planar graph G is 3-colourable, and hence has an independent set X of size V (G) 3, we have the following corollary. Theorem 3 is a consequence of a more technical result. To formulate this more technical result, we need some definitions.
For a plane graph G, denote by B(G) the boundary of the infinite face of G. The vertices of B(G) are cyclically ordered. For v ∈ B(G), denote by v − , v + the neighbors of v that are preceding and succeeding v along the clockwise cyclic order, respectively. Definition 2 A target is a triple (G, P, L) such that G is a triangle free plane graph, P = p 1 p 2 . . . p k is a path consisting of k ≤ 5 consecutive vertices of B(G) and L is a list assignment of G such that the following hold:
• The set S G,L = {x ∈ V (G) − B(G) ∶ L(x) = 3} is an independent set. • An edge e = xy is bad if L(x) = L(y) = 2; or P ∈ {3, 4} and x is an end vertex of P and L(y) = 2; or P = 5, x ∈ V (P ) and L(y) = 2.
• A 4-cycle C = xyzw is bad if (1) w is an interior vertex and x, y, z are consecutive boundary vertices; and (2) L(x) = L(w) = L(z) = 3 and L(y) = 2.
A target (G, P, L) is valid if there is no bad edge, no bad vertex and no bad 4-cycle.
Observation 4
The following observations follow directly from the definitions and will be frequently used in the proofs.
1. If a vertex u has at most one neighbor in P or L(u) = 4, then u is not a bad vertex.
2. If P ≤ 4, then there is no bad vertex.
3. If there is no vertex u with L(u) = 2, then there is no bad edge and no bad 4-cycle.
Here E(P ) denote the set of edges with both end vertices in P . In particular, E(P ) may contain edges that are not on the path P , instead are chords of the path.
Theorem 3 follows easily from Theorem 5. Indeed, if G is a triangle free planar graph and L is a list assignment of G such that 3 ≤ L(v) ≤ 4 for each vertex and X = {v ∶ L(v) = 3} is an independent set, then with P = ∅, (G, P, L) is a target. It follows from Observation 4 that there is no bad vertex, no bad edge and no bad 4-cycle. I.e., (G, P, L) is a valid target. By Theorem 5, G is L-colourable. The remainder of this paper is devoted to the proof of Theorem 5.
Some properties of a minimum counterexample
Assume Theorem 5 is not true and (G, P, L) is a counterexample such that
We say a vertex v is pre-coloured if L(v) = 1. For technical reasons, we do not require the vertices of P be properly coloured. However, when we pre-colour a vertex v in the proof, we always colour v by a colour not used by any of its coloured neighbours. Observe that the final colouring of V (G) is a proper colouring of G − E(P ). So for any edge e = xy ∈ E(P ), x, y are coloured by distinct colours. We say L ′ is obtained from L by pre-colouring v to mean that L ′ (v) = {c} for some colour c ∈ L(v) and no pre-coloured neighbour of v is coloured by c, and
is a valid target. By the minimality of G, G−v has an L-colouring, which can be extended to an L-colouring of G by assigning a colour from L(v) to v not used by any of its neighbours. Lemma 2 G is 2-connected and hence B(G) is a cycle.
Proof. Assume to the contrary that G has a cut vertex v. Let G 1 and G 2 be the two induced subgraphs of
If v ∈ V (P ), then by the minimality of G there exist L-colourings of G 1 − E(P ) and G 2 − E(P ), whose union is an L-colouring of G − E(P ), a contradiction.
Assume P ⊆ G 1 . By the minimality of G there is an L-colouring φ of G 1 . Let L 2 be the restriction of L to G 2 , except that v is pre-coloured, and let P ′ = v. Then (G 2 , P ′ , L 2 ) has no bad vertex, no bad edge and no bad 4-cycle, and S G 2 ,L 2 ⊆ S G,L . So (G 2 , P ′ , L 2 ) is a valid target and G 2 has an L 2 -colouring ψ. The union of φ and ψ is an L-colouring of G − E(P ).
In the remainder of the proof, we usually need to verify that some triple (G ′ , P ′ , L ′ ) is a valid target, where G ′ is a subgraph of G and L ′ is a slight modification of the restriction of L to G ′ and P ′ is the set of pre-coloured vertices in G ′ . It is usually obvious that S G ′ ,L ′ ⊆ S G,L , and hence S G ′ ,L ′ is an independent set in G ′ . The other conditions for (G ′ , P ′ , L ′ ) to be a target are also trivially satisfied. We shall only need to prove that (G ′ , P ′ , L ′ ) has no bad 4-cycle, no bad edge and no bad vertex.
For a cycle C of G, we denote by int[C] the subgraph of G induced by vertices on C and in the interior of C. The subgraph ext[C] is defined similarly. We denote by int(C) the subgraph of G induced by vertices in the interior of C.
Lemma 3 G has no separating 4-cycle or separating 5-cycle.
Proof. Let C be a separating 4-cycle or 5-cycle of G. Let G 1 = ext[C] and G 2 = int[C]. We choose the cycle C so that G 2 has minimum number of vertices. By the minimality of G, G 1 − E(P ) has an L-colouring φ. Let L 2 be the restriction of L to G 2 , except that vertices on C are pre-coloured by φ.
As no vertex v of G 2 has L 2 (v) = 2, G 2 has no bad edge, and no bad 4-cycle. If G 2 has no bad vertex, then (G 2 , C, L 2 ) is a valid target, and by the minimality of G, G 2 − E(C) has an L 2 -colouring ψ. Note that the cycle C is properly coloured by φ. Therefore the union of φ and ψ is an L-colouring of G − E(P ), a contradiction.
Assume u is a bad vertex of G 2 . Then u has two neighbors in C (if u has three neighbors in C, then G would contain a triangle). By the minimality of G 2 , u is the only vertex of int(C). Hence d G (u) = 2 < L(u) , contrary to Lemma 1.
For i = 1, 2, 3, 4, an i-chord of G is a path W of length i (i.e., has i edges) such that the two end vertices are two non-consecutive boundary vertices and the other vertices of W are interior vertices of G. A 1-chord of G is also called a chord of G. An i-chord W with end vertices u and v is called an
Assume W is an i-chord of G with end vertices u and v. The two components of
For convenience, we shall always assume that (1) P ∩ G W,1 is a path on the boundary of G W,1 .
(2) Subject to (1), V (G W,1 ) ∩ P is maximum.
Note that it could happen that V (G W,2 ) ∩ P > V (G W,1 ) ∩ P , and P ∩ G W,2 consists of two paths.
We name the vertices so that u − , v + are vertices in G W,2 .
As P ∩ G W,1 is a path on the boundary of G W,1 , (G W,1 , P ∩ G W,1 , L) is a valid target. By the minimality of G, there is an L-colouring φ of G W,1 − E(P ).
Definition 4
Assume W is an i-chord of G with end vertices u and v. Let P W be the subpath of B(G 2 ) defined as follows:
If W is feasible and φ is an L-colouring of G ′ W,1 − E(P ), then we denote by L φ the restriction of L to G W,2 , except that for x ∈ P W , L ′ (x) = {φ(x)}, i.e., vertices of P W are pre-coloured. Figure 1 shows the possible configurations of P W . • v, u ∈ P and v + = u − ∈ P .
• v = p j ∈ P for some j ≤ 3, u − = p 1 and V (G W,2 ) − W = {p 1 , . . . , p j−1 }.
Proof. If W is not feasible, then G ′ W,1 = G. This implies that P W contains all the vertices of G 2 . Since u, v are not consecutive vertices of B(G),
. But u − , v + ∈ P W implies that both L(v + ) = 2 and L(u − ) = 2, contrary to the assumption that (G, P, L) has no bad edge. Thus v + = u − . As v + ∈ P W , it follows from the definition that L(v + ) = 2.
Assume (P W − W ) ∩ P ≠ ∅. It follows from the definition of G W,1 and G W,2 that {u, v} ∩ P ≠ ∅. If both u, v ∈ P , then since G has no bad edge, we conclude that P W − W does not contain a vertex w with L(w) = 2. Hence P W − W = {p j }, u = p j+1 , v = p j−1 and v + = u − = p i . Note that in this case, by the definition of G W,1 , G W,2 , we must have P = p 1 p 2 p 3 p 4 p 5 and B(G 1 ) = p 1 p 2 W p 4 p 5 and B(G) = p 1 p 2 p 3 p 4 p 5 . S
Assume v = p j and u ∉ P . Again by the definition of G W,1 , G W,2 , we may assume that j ≤ 3 and p l ∈ B(G 2 ) for l ≤ j. Since G has no bad edge, we conclude that P W −W does not contain a vertex w with L(w) = 2. Therefore u − = p 1 and B(G W,2 ) − W = {p 1 , . . . , p j−1 }.
Proof. If (G W,2 , P W , L φ ) is a valid target, then by the minimality of G, G W,2 − E(P W ) has an L φ -colouring ψ. Then the union of φ and ψ is an L-colouring of G − E(P ).
Proof. Assume to the contrary that there is a feasible i-chord W with
for some t ≤ 4. We choose such an i-chord W so that G W,2 has minimum number of vertices. By the minimality of G, there exists an L-colouring φ of
By Lemma 4, (G W,2 , P W , L φ ) is not a valid target. Hence (G W,2 , P W , L φ ) has a bad edge, say e = xy. As P W ≤ 4, x is an end vertex of P W and L φ (y) = 2. By definition of P W , we conclude that W ′ = e is a chord of G. Since y is not adjacent to a vertex w with L(w) = 2, it follows from Observation 6 that W ′ is a feasible chord, with P W ′ ≤ 3 and G W ′ ,2 has fewer vertices than G W,2 . This is in contrary to the choice of W .
Lemma 6
There exists no i-chord as described below:
• a (1, 1)-1-chord, a (2, 1 + )-1-chord, a (2, 2 + )-2-chord, a (2, 2)-3-chord.
Proof. If W is (1, 1)-chord, say W = p i p j and i < j, then by the minimality of G, (G − {p i+1 , . . . , p j−1 }) − E(P ) has an L-colouring, which extends to an L-colouring of
it follows from Observation 6 that W is feasible. However, the conditions imply that P W ≤ 4, which is in contrary to Lemma 5.
, then L(y) = 3 and y has exactly one neighbour in P W ∩ P and one neighbour in P W − P .
It follows from the definition that for
Next we show that (G W,2 , P W , L φ ) has no bad edge. Assume to the contrary that e = uv is a bad edge in (G W,2 , P W , L φ ). Since e is not a bad edge in (G, P, L), we conclude that one end vertex of e belong to P W . Assume
and without loss of generality, we may assume that
In any case, since (G, P, L) has no bad edge, p ′ 1 is not adjacent to v. Thus W ′ is feasible and P W ′ ≤ 4, contrary to Lemma 5. This completes the proof that (G W,2 , P W , L φ ) has no bad edge.
On the other hand, by Lemma 4,
For the moreover part, assume P W = p 1 p 2 p 3 p ′ 4 p ′ 5 and y is a bad vertex in (G W,2 , P W , L φ ). If y has two neighbours in P W ∩P , then y is adjacent to p 1 , p 3 and L(y)−(L(p 1 )∪L(p 3 )) = 1. Thus y is a bad vertex in (G, P, L), a contradiction. On the other hand, since G is triangle free, y has at least one neighbour in {p 1 , p 2 , p 3 }. Hence y has exactly one neighbour in P W ∩ P and one neighbour in P W − P .
We may assume P W = p 1 p 2 p 3 xu. By Lemma 7, (G W,2 , P W , L φ ) has a bad vertex y, and y has one neighbour in {p 1 , p 2 , p 3 } and one neighbour in {x, u}.
If N G (y) ∩ P W = {u, p i } for some i ∈ {1, 2, 3}, then for W ′ = p i yu, G W ′ ,2 has fewer vertices, contrary to the choice of W . Therefore N G (y) ∩ P W = {x, p i } for some i ∈ {1, 2}.
If N G (y) ∩ P W = {x, p 1 }, then let W ′ = p 1 yxu and we can check that W ′ is a feasible chord with P W ′ = 4, contrary to Lemma 5. If N G (y) ∩ P W = {x, p 2 }, then let W ′ = p 2 yxu. We can check that W ′ is a feasible 3-chord with P W ′ = p 1 p 2 yxu. By Lemma 7, (G W ′ ,2 , P W ′ , L ψ ) has a bad vertex z. As L(y) = 3, if z is adjacent to y, then L(z) = 4, a contradiction. Thus z is not adjacent to y. This implies that z has two neighbours in P W ′ . For the same reason as in the second paragraph above, z is not adjacent to u. Thus z is adjacent to x and p j for j ∈ {1, 2}. We may assume that y is contained in the cycle p j . . . p 3 xz and hence p j . . . p 3 xz is a separating 4-cycle or a separating 5-cycle, contrary to Lemma 3.
Lemma 9
There is no (1, 1)-2-chord.
Proof. Assume to the contrary that W = p i xp j is a 2-chord connecting two pre-coloured vertices, and we choose such a 2-chord so that G W,2 has minimum number of vertices.
Recall that V (P ) = k. If k ≤ 4 or j − i ≥ 3, then W is a feasible chord with P W ≤ 4, contrary to Lemma 5. Thus we assume that k = 5 and j − i = 2. By symmetry, we may assume that i ≤ 2.
If W = p 2 xp 4 , then we pre-colour x and let G ′ = G W,2 − {p 3 } and P ′ = p 1 p 2 xp 4 p 5 , and let L ′ be the restriction of L to G ′ , except that x is pre-coloured.
As L ′ is the restriction of L to G ′ , except that x is pre-coloured and as (G, P, L) has no bad 4-cycle, we conclude that (G ′ , P ′ , L ′ ) has no bad 4-cycle. If (G ′ , P ′ , L ′ ) has a bad edge uv, then since (G, P, L) has no bad edge, we assume that u = x. Then p 2 xv is a (1, 2)-2-chord, contrary to Lemma 8. So (G ′ , P ′ , L ′ ) has no bad edge.
As (G ′ , P ′ , L ′ ) is not a valid target (for otherwise G ′ −E(P ′ ) has an L ′ -colouring which extends to an L-colouring of G−E(P )), we conclude that (G ′ , P ′ , L ′ ) has a bad vertex y. If y has two neighbours in P ′ − {x}, then y is a bad vertex in (G, P, L), a contradiction. Therefore y is adjacent to x and has exactly one neighbour in P ′ − {x}. By symmetry, we may assume that y is adjacent to x and p 1 .
We pre-colour y and let G ′′ = G ′ −{p 2 } and P ′′ = p 1 yxp 4 p 5 , and let L ′′ be the restriction of L ′ to G ′′ , except that y is pre-coloured. Then p 1 yxp 4 is a feasible chord. By Lemma 7, (G ′′ , P ′′ , L ′′ ) has a bad vertex z. Since y, z are interior vertices of G with L(y) = L(z) = 3, yz is not an edge. The same argument as above shows that z is adjacent to x and precisely one of p 1 and p 5 . If zp 1 ∈ E(G), then p 1 p 2 xz is a separating 4-cycle. Thus zp 5 ∈ E(G). We pre-colour z and let G ′′′ = G ′′ − {p 4 } and P ′′′ = p 1 yxzp 5 , and let L ′′′ be the restriction of L ′′ to G ′′′ , except that z is pre-coloured. Then p 1 yxzp 5 is a feasible chord. By Lemma 7 again, (G ′′′ , P ′′′ , L ′′′ ) has a bad vertex w. The same argument as above shows that L(w) = 3 (and hence w is not adjacent to y or z), and w is adjacent to x and p 1 , or is adjacent to x and p 5 . In either case, G has a separating 4-cycle, contrary to Lemma 3.
If W = p 1 xp 3 , we pre-colour x and let G ′ = G W,2 −{p 2 } and P ′ = p 1 xp 3 p 4 p 5 , and let L ′ be the restriction of L to G ′ , except that x is pre-coloured. Similarly as above, (G ′ , P ′ , L ′ ) has no bad 4-cycle and no bad edge. Hence (G ′ , P ′ , L ′ ) has a bad vertex y. As G has no separating 4-cycle, we conclude that y has exactly two neighbours in P ′ . As y is not a bad vertex in (G, P, L), we know that N G (y) ∩ P ′ = {x, p 4 } or {x, p 5 }.
If y is adjacent to x and p 5 , then let W ′ = p 1 xyp 5 . Then W ′ is a feasible chord with P W ′ = 4, contrary to Lemma 5.
If y is adjacent to x and p 4 , then we pre-colour y, let G ′′ = G ′ −{p 3 } and P ′′ = p 1 xyp 4 p 5 , and let L ′′ be the restriction of L ′ to G ′′ , except that y is pre-coloured. Then p 1 xyp 4 is a feasible 3-chord. By Lemma 7, (G ′′ , P ′′ , L ′′ ) has a bad vertex s. As s, y are interior vertices with L(s) = L(y) = 3, we know that s is not adjacent to y. If s is adjacent to p 1 and p i for some i ∈ {4, 5}, then W ′ = p 1 sp i is a (1, 1)-2-chord with G W ′ ,2 smaller than G W,2 , contrary to our choice of W . Hence s is adjacent to x and p i for i ∈ {4, 5}. Then p i . . . p 3 xs is a separating 4-cycle or a separating 5-cycle, contrary to Lemma 3.
Lemma 10 If C is a separating 6-cycle of G, then int(C) = {z} and z ∈ S G,L .
Proof. Assume to the contrary that C = x 1 x 2 x 3 x 4 x 5 x 6 is a separating cycle of G for which int(C) ≥ 2. We choose such a cycle so that int(C) is minimal.
By the minimality of G, there is an L-colouring φ of ext[C] − E(P ).
If there exist a vertex w ∈ int(C) adjacent to at least two vertices in V (C), then since G has no separating 4-cycle or 5-cycle, and int(C) ≥ 2, we conclude that w is adjacent to two vertices of C that are of distance 2 on C, say w is adjacent to x 1 and x 3 . For
As w is adjacent to at most two vertices of C, we conclude that zw is an edge of G and d G (w) = L(w) = 3. By Lemma 1, we have d G (z) = L(z) = 3. This contradicts the assumption that S G,L is an independent set.
Assume no vertex of int(C) is adjacent to two vertices in V (C).
, and let L ′ be the restriction of L to G ′ , except that vertices of P ′ are pre-coloured and for any neighbour u of
As any vertex w ∈ int(C) is adjacent to at most one vertex in V (C), we know that (G ′ , P ′ , L ′ ) has no bad vertex and no bad edge and no bad 4-cycle. Hence (G ′ , P ′ , L ′ ) is a valid target, and G ′ − E(P ′ ) has an L ′ -colouring ψ. The union of φ and ψ form an L-colouring of G − E(P ), which is in contrary to our assumption that G is not L-colourable.
Thus for any separating 6-cycle C, int(C) contains a unique vertex z. Then z has exactly three neighbours on C and by Lemma 1, L(z) = 3 and z ∈ S G,L .
Lemma 11 G has no chord.
Proof. Assume G has a chord. We choose a chord W so that G W,2 has minimum number of vertices.
If W contains no pre-coloured vertex, then it is easy to verify that W is feasible and P W ≤ 4, contrary to Lemma 5.
Thus we may assume that W = p i u. It is easy to verify that W is feasible. By Lemma 6 and Lemma 5, we may assume that i = 3 and P W = p 1 p 2 p 3 uu − .
Let φ be an L-colouring of G ′ W,1 − E(P ).
By the minimality of G W,2 , we know that (G W,2 , P W , L φ ) has no bad edge. For any ver-
. This implies that (G W,2 , P W , L φ ) has no bad 4-cycle. Thus we may assume that (G W,2 , P W , L φ ) has a bad vertex w. Then L(w) = 3 and w has one neighbour p i in {p 1 , p 2 , p 3 } and one neighbour in {u, u − }.
If w is adjacent to u − , then u − wp i is a (1, 2)-2-chord, contrary to Lemma 8. Therefore
It is easy to verify that W ′ is a feasible 2-chord. As P W ′ = 4, this is in contrary to Lemma 5. Assume N G (w) ∩ P W = {u, p 2 }. We pre-colour w with the unique colour in
By Lemma 7, (G ′ , P ′ , L ′ ) has a bad vertex z. Since L(z) = L(w) = 3, w and z are not ajacent. By Lemma 8, z is not adjacent to u − . Hence z is adjacent to u and p 1 or p 2 . Then either p 1 p 2 p 3 uz is a separating 5-cycle or p 2 p 3 uz is a separating 4-cycle, contrary to Lemma 3.
Definition 5 A semi-fan is a graph obtained from a path v 1 v 2 . . . v 2q+1 (for some q ≥ 1) by adding a vertex u adjacent to v 1 , v 3 , . . . , v 2q+1 . The vertex u is called the center of the semi-fan, and v 1 , v 2q+1 are the end vertices of the semi-fan.
Proof. Assume the lemma is not true, and W = uvw is a (3 + , 3)-2-chord for which G W,2 is not a semi-fan, and subject to this, G W,2 has minimum number of vertices.
If W is not a feasible 2-chord, then it must be the case that u + = w − , and hence G W,2 is the 4-cycle uvww − , which is a semi-fan (with q = 1) with center v. Assume W is a feasible 2-chord. Let φ be an L-colouring of G ′ W,1 − E(P ). By Lemma 5, P W = 5. This implies that L(u + ) = L(w − ) = 2 and u + ≠ w − . By Lemma 7, (G W,2 , P W , L φ ) has a bad vertex x.
If x is adjacent to u and w, then Figure 2 ). By the well-known Theorem of Alon-Tarsi [1] , G W,2 − {v} has an L φ -colouring ψ. The union of φ and ψ is an L-colouring of G − E(P ), which is in contraty to our assumption that G − E(P ) is not L-colourable. If x is adjacent to u + and w − , then since G has no (2, 2)-2-chord, x is a boundary vertex of G. Then C = xu + uvww − is a 6-cycle and d G (x) ≥ L(x) = 3. Hence either x is adjacent to v, and hence G W,2 is a semi-fan, or C has a unique interior vertex y adjacent to x, u, w. This is in contrary to the previous paragraph for the case that x is adjacent to u and w.
Therefore x is either adjacent to both w − and v, or adjacent to both u + and v.
By symmetry, we assume that x is adjacent to w − and v. If x is a boundary vertex of G, then W ′ = uvx is a (3 + , 3)-2-chord. By the minimality of W , G W ′ ,2 is a semi-fan with center v. But then G W,2 is also a semi-fan with center v.
Assume x is an interior vertex. Let W ′ = w − xvu. As w − ≠ u + , W ′ is a feasible 3chord with P W ′ = w − xvuu + . Let ψ be an L-colouring of G W ′ ,1 − E(P ). By Lemma 7, (G W ′ ,2 , P W ′ , L ψ ) has a bad vertex x ′ . If x ′ is adjacent to x, then since L(x ′ ) = L(x) = 3 and x is an interior vertex, we conclude that x ′ is a boundary vertex. But then w − xx ′ is a (2, 3)-2-chord of G, contrary to Lemma 6. If x ′ is adjacent to u + and w − , then the 6-cycle uu + x ′ w − wv contains the unique interior vertex x, which is adjacent to w − and v. Hence d G (x) = 2 < L(x) = 3, a contradiction.
Since G has no separating 5-cycle, x ′ cannot be adjacent to u and w − . Therefore x ′ is adjacent to u + and v. If x ′ is a boundary vertex, then W ′′ = wvx ′ is a (3, 3)-2-chord with G W ′′ ,2 smaller than G W,2 . Hence G W ′′ ,2 is a semi-fan, contrary to the fact that x is an interior vertex. Assume x ′ is an interior vertex. Let W ′′′ = u + x ′ vxw − . Then P W ′′′ = W ′′′ . Let τ be an L-colouring of G W ′′′ ,1 − E(P ). By Lemma 7, (G W ′′′ ,2 , P W ′′ , L τ ) has a bad vertex x ′′ . If x ′′ is adjacent to u + and w − , then the 6-cycle x ′′ w − wvuu + contains two interior vertices, contrary to Lemma 10. If x ′′ is adjacent to x, then since L(x ′′ ) = L(x) = 3, we conclude that x ′′ is a boundary vertex. Hence x ′′ xw − is a (2, 3)-2-chord, contrary to Lemma 6. So x ′′ is not adjacent to x. Similarly x ′′ is not adjacent to x ′ . Therefore x ′′ is adjacent to v and w − , or adjacent to v and u + . In any case, G has a separating 4-cycle, contrary to Lemma 3.
Proof of Theorem 5
Assume
Claim 1 For i ≥ 3, v 1 and p i have no common neighbour, and for i ≤ k − 2, v s and p i have no common neighbour.
Proof. By symmetry, it suffices to prove that for i ≥ 3, v 1 and p i have no common neighbour. If x is adjacent to v 1 , p k , then W = v 1 xp k is a (1, 3 + )-2-chord with P ∩ B(G W,2 ) = 1, contrary to Lemma 6.
If x is adjacent to v 1 , p 4 , then C = v 1 p 1 p 2 p 3 p 4 x is a 6-cycle. By Lemma 10, int(C) has at most one vertex. If int(C) has one vertex z, then z has three neighbours in C, and hence is adjacent to two pre-coloured vertices. Then G has a (1, 1)-2-chord, contrary to Lemma 9. Thus int(C) has no vertex. We add an edge e = p 2 p 4 and let
If x is adjacent to v 1 , p 3 , then C = v 1 p 1 p 2 p 3 x is a 5-cycle. As G has no separating 5-cycle, int(C) has no vertex. We add an edge e = p 1 p 3 and let
Claim 2 Assume X is a set of consecutive vertices on B(G), G ′ = G−X, φ is a colouring of X, and L ′ is obtained from the restriction of L to G ′ by removing, for each v ∈ X, the colour of v from L(u) for each neighbour u of v. If C = y 1 y 2 y 3 y 4 is a bad 4-cycle in (G ′ , P, L ′ ) and only one vertex v ∈ X has a neighbour y i in C, then vy i is a boundary edge of G, and L ′ (y i ) = L(y i ) − 1 = 3.
Proof. Since G has no bad 4-cycle, some vertex v ∈ X has a neighbour in C. By our assumption, the vertex v is unique.
Assume y 1 , y 2 , y 3 are three consecutive vertices on B(G ′ ) and y 4 is an interior vertex of G ′ (hence L ′ (y 2 ) = 2 and L ′ (
Since y 4 is an interior vertex of G ′ , y 4 is not adjacent to v. Hence L(y 4 ) = L ′ (y 4 ) = 3. If y 1 is an interior vertex of G, then L(y 1 ) = 4 (as S G,L is an independent set). Hence L ′ (y 1 ) ≠ L(y 1 ), and e = vy 1 is an edge of G. Then v is not adjacent to y 2 (as G is triangle free). Hence y 2 is a boundary vertex with L(y 2 ) = L ′ (y 2 ) = 2. But then vy 1 y 2 is a (1 + , 2)-2-chord, contrary to Lemma 8. Therefore y 1 is a boundary vertex. Similarly, y 3 is a boundary vertex. If y 2 is an interior vertex, then W 1 = y 1 y 2 y 3 and W 2 = y 1 y 4 y 3 are (3, 3)-2-chords. By Lemma 12, G W 1 ,2 and G W 2 ,2 are semi-fans, and hence contain no interior vertex. However, y 4 is an interior vertex of G W 1 ,2 or y 2 is an interior vertex of G W 2 ,2 , a contradiction. So y 2 is a boundary vertex of G. As G has no chord, y 1 y 2 , y 2 y 3 are boundary edges of G.
This implies that vy 2 is not an edge. By symmetry, we may assume that vy 1 is an edge of G. As G has no chord, vy 1 is a boundary edge, with L ′ (y 1 ) = L(y 1 ) − 1 = 3.
Claim 3 Assume X is a set of at most three consecutive vertices on B(G) satisfying one of the following conditions:
(1) X = {v 1 }.
Assume G ′ = G − X, φ is a colouring of X, and L ′ is obtained from the restriction of L to G ′ by removing, for each v ∈ X, the colour of v from L(u) for each neighbour u of v.
If e = xy is a bad edge in (G ′ , P, L ′ ), then x is adjacent to a vertex of X and y ∈ P .
Proof. As (G, P, L) has no bad edge, at least one of x and y is adjacent to a vertex of X. Assumme X = {v 1 }. As G is triangle free, only one of x and y is adjacent to v 1 . We assume x is adjacent to v 1 . Hence L(y) = L ′ (y). If y ∈ P , then L(y) = 2. Hence y is a vertex on B(G) and v 1 xy is (2, 3 + )-2-chord, contrary to Lemma 8. Hence y ∈ P .
Assumme X = {v 1 , v 2 }, L(v 1 ) = L(v 2 ) ∪ L(p 1 ) and L(v 2 ) = 2. If both x and y are adjacent to vertices of X, then we assume x is adjacent to v 1 and y is adjacent to v 2 . As S G,L is an independent set, y is a vertex on B(G). As G has no chord, y = v 3 and L(v 3 ) = 3. In this case, v 1 xyv 2 is a bad 4-cycle in (G, P, L), a contradiction. Hence only one of x and y is adjacent to a vertex of X. We assume x is adjacent to a vertex v i ∈ X and L(y) = L ′ (y). If y ∈ P , then L(y) = 2. Hence y is a vertex on B(G) and v i xy is (2, 3 + )-2-chord, contratry to Lemma 8. Hence y ∈ P .
If both x and y are adjacent to vertices of X, as S G,L is an independent set, then one of x and y is a boundary vertex on B(G). We assume y is the boundary vertex on B(G). As G has no chord, we conclude that y = v 4 . As G is triangle free, x is adjacent to either v 1 and hence v 1 xyv 3 v 2 is 5-cycle or x is adjacent to v 2 and v 2 xyv 3 is a 4-cycle. In any case d G (v 3 ) = 2 < L(v 3 ) , contrary to Lemma 1. Hence only one of x and y is adjacent to a vertex of X. We assume x is adjacent to a vertex v i ∈ X and L(y) = L ′ (y). If y ∈ P , then L(y) = 2. Hence y is a vertex on B(G) and v i xy is If s = 4, then by symmetry, we would have L(v 3 ) = 2. This is in contrary to the assumption that (G, P, L) has no bad edge. Thus we have the following proposition. 
and delete the colour of v 1 from the lists of neighbours of v 1 . Let L ′ be the resulting list assignment of G ′ = G − {v 1 }.
If (G ′ , P, L ′ ) has a bad vertex x, then x has two neighbours in P , and hence (G, P, L) has a (1, 1)-2-chord, contrary to Lemma 9. So (G ′ , P, L ′ ) has no bad vertex. By Claim 2, (G ′ , P, L ′ ) has no bad 4-cycle.
If (G ′ , P, L ′ ) has a bad edge e = xy, then by Claim 3, x is adjacent to v 1 and y = p i ∈ P , with L ′ (x) = 2 (and hence L(x) = 3). By Claim 1, i = 2, i.e., y = p 2 . Hence v 1 p 1 p 2 x is a facial cycle. Let G ′′ = G ′ − {p 1 }. We pre-colour x with colour c ∈ L ′ (x) − L(p 2 ) and let L ′′ be the resulting list assignment of G ′′ . Let P ′′ be the pre-coloured vertices in G ′′ , i.e., P ′′ = xp 2 , . . . , p 5 . If (G ′′ , P ′′ , L ′′ ) has a bad vertex x ′ , then x ′ is not adjacent to x (as S G,L is an independent set), hence x ′ has two neighbours in P , and hence (G, P, L) has a (1, 1)-2-chord, contrary to Lemma 9. Hence (G ′′ , P ′′ , L ′′ ) has no bad vertex. As L ′′ (v) = L ′ (v) except that x is a pre-coloured vertex and (G ′ , P, L ′ ) has no bad 4-cycle, we conclude that (G ′′ , P ′′ , L ′′ ) has no bad 4-cycle. If (G ′′ , P ′′ , L ′′ ) has a bad edge e ′ = x ′ y ′ , then again we may assume that x ′ is adjacent to v 1 and y ′ = p 2 . But then one of p 1 v 1 x ′ p 2 and p 1 v 1 xp 2 is a separating 4-cycle, a contradiction. Hence (G ′′ , P ′′ , L ′′ ) has no bad edge, i.e., (G ′′ , P ′′ , L ′′ ) is a valid target. Therefore G ′′ − E(P ′′ ) has an L ′′ -colouring ψ, which extends to an L-colouring of G − E(P ).
Thus (G ′ , P, L ′ ) has no bad edge and (G ′ , P, L ′ ) is a valid target. Then G ′ − E(P ) has an L ′ -colouring φ, which extends to an L-colouring of G − E(P ). This completes the proof of Case 2.
So we have the following proposition. For i = 1, 2, delete colour c i from the lists of neighbours of v i .
If s ≥ 5 and L(v 4 ) ≥ 3, then we colour v 2 by a colour c 2 ∈ L(v 2 ) and colour v 1 by a colour c 1 ∈ L(v 1 ) − (L(p 1 ) ∪ {c 2 }), and for i = 1, 2, delete colour c i from the lists of neighbours of v i .
Let G ′ = G − {v 1 , v 2 } and L ′ be the resulting list assignment of G ′ . It is obvious that (G ′ , P, L ′ ) is a target.
If (G ′ , P, L ′ ) has a bad vertex x, then x is adjacent to two vertices of P , and hence (G, P, L) has a (1, 1)-2-chord, contrary to Lemma 9. So (G ′ , P, L ′ ) has no bad vertex.
Assume (G ′ , P, L ′ ) has a bad 4-cycle C = y 1 y 2 y 3 y 4 with L ′ (y 1 ) = L ′ (y 3 ) = L ′ (y 4 ) = 3 and L ′ (y 2 ) = 2 and y 4 be an interior vertex of G ′ and y 1 , y 2 , y 3 be consecutive vertices on B(G ′ ).
Since G has no bad 4-cycle, there is at least one edge between {v 1 , v 2 } and {y 1 , y 2 , y 3 }. As G has no triangle and no separating 4-cycle, each of v 1 or v 2 is adjacent to at most one of the y i 's.
Since G has no separating 5-cycle, y i y j ∈ E(G). So by symmetry, we may assume that v 1 y 1 , v 2 y 2 ∈ E(G). Then y 3 ∈ B(G). If y 2 is an interior vertex of G, then W = v 2 y 2 y 3 is a (2, 3 + )-2-chord, contrary to Lemma 8. Thus we assume that y 2 is a boundary vertex. As G has no chord, the edge v 2 y 2 is a boundary edge, i.e., y 2 = v 3 . We must have L(v 2 ) ⊆ L(v 3 ), for otherwise, we could have chosen the colour c ∈ L(v 2 ) − L(v 3 ) and hence L ′ (v 3 ) = L(v 3 ) ≥ 3, contrary to the assumption that L ′ (y 2 ) = 2. Let G ′′ be obtained from G by identifying v 1 and v 3 into a single vertex v * . Since v 1 , v 3 have a common neighbour y 1 , we know that G ′′ is triangle free (for otherwise G would have a separating 5-cycle). Let L ′′ (v) = L(v) for all v ≠ v * and L ′′ (v * ) = L(v 2 ) ∪ L(p 1 ). Then (G ′′ , P, L ′′ ) is a valid target, and hence G ′′ has an L ′′ -colouring ψ. Since ψ(p 1 ) ∈ L(p 1 ), we know that ψ(v * ) ∈ L(v 2 ) ⊆ L(v 1 ) ∩ L(v 3 ). Thus ψ can be extended to an L-colouring of G by assigning colour ψ(v * ) to v 1 and v 3 .
Case 3(ii) Exactly one of v 1 and v 2 is adjacent to one of the y i 's.
If y 1 is an interior vertex of G, then L(y 1 ) ≥ 4 (as S G,L is an independent set). Hence y 1 is adjacent to v 1 or v 2 , and hence v 1 y 1 y 2 or v 2 y 1 y 2 is a 2-chord, contrary to Lemma 8 (note that L(y 2 ) = L ′ (y 2 )).
Thus y 1 is a boundary vertex of G, and similarly y 3 is boundary vertex of G. If y 2 is an interior vertex, then y 2 is adjacent to v i for some i ∈ {1, 2}. Then W 1 = v i y 2 y 1 and W 2 = v i y 2 y 3 are 2-chords of G. By Lemma 8, both are (3 + , 3 + )-2-chords, and hence v i = v 1 . By Lemma 12, G W 1 ,2 and G W 2 ,2 are semi-fans, and hence contains no interior vertex. However, y 4 is an interior vertex of G W 1 ,2 or G W 2 ,2 , a contradiction.
So y 1 , y 2 , y 3 are consecutive boundary vertices of G. As G has no chord, y 2 is not adjacent to v 1 or v 2 , and v 1 is not adjacent to y 1 or y 3 . By symmetry, we may assume that y 1 v 2 is a boundary edge and hence y 1 = v 3 and y 2 = v 4 . There exists c ∈ L(v 3 ) such that L ′ (v 3 ) = L(v 3 ) − {c}, for otherwise, y 1 y 2 y 3 y 4 is a bad 4-cycle in (G, P, L). This implies that L(v 2 ) ⊆ L(v 3 ) (for otherwise we would have chosen c ∈ L(v 2 )−L(v 3 )). Hence by our assumption, L(v 4 ) ≥ 3, contrary to the fact that L ′ (y 2 ) = L(y 2 ) = 2.
Hence (G ′ , P, L ′ ) has no bad 4-cycle. Assume (G ′ , P, L ′ ) has a bad edge e = xy. By Lemma 8, v 2 and p i has no common neighbour. By Claim 3, we may assume that x is adjacent to v 1 and y = p i ∈ P , with L ′ (x) = 2 (and hence L(x) = 3). By Claim 1, i = 2. Let G ′′ = G ′ − {p 1 }. We pre-colour x and let L ′′ be the resulting list assignment of G ′′ . Let P ′′ be the pre-coloured vertices in G ′′ , i.e., P ′′ = xp 2 . . . p 5 . Assume (G ′′ , P ′′ , L ′′ ) has a bad vertex x ′ . Then x ′ has two neighbours in P ′′ . If x ′ is adjacent to two vertices of P , then (G, P, L) has a (1, 1)-2-chord, contrary to Lemma 9. Hence x ′ is adjacent to x and one vertex of P . Since G has no chord, x ′ is an interior vertex. By Lemma 8, x ′ is not adjacent to v 2 . Also x ′ is not adjacent to v 1 , for otherwise G has a separating 4-cycle. So L(x ′ ) = L ′′ (x ′ ) = 3. As L(x) = 3, and xx ′ is an edge, this is in contrary to our assumption that S G,L is an independent set. Thus (G ′′ , P ′′ , L ′′ ) has no bad vertex.
As L ′′ (v) = L ′ (v) except that x is a pre-coloured vertex and (G ′ , P, L ′ ) has no bad 4cycle, therefore (G ′′ , P ′′ , L ′′ ) has no bad 4-cycle. If (G ′′ , P ′′ , L ′′ ) has a bad edge e ′ = x ′ y ′ , then again we may assume that x ′ is adjacent to v 1 and y ′ = p 2 . But then one of p 1 v 1 x ′ p 2 and p 1 v 1 xp 2 is a separating 4-cycle, a contradiction. Hence (G ′′ , P ′′ , L ′′ ) has no bad edge, i.e., (G ′′ , P ′′ , L ′′ ) is a valid target. Therefore G ′′ − E(P ′′ ) has an L ′′ -colouring ψ, which extends to an L-colouring of G − E(P ).
Thus (G ′ , P, L ′ ) has no bad edge and (G ′ , P, L ′ ) is a valid target. Then G ′ − E(P ) has an L ′ -colouring φ, which extends to an L-colouring of G − E(P ).
This completes the proof of Case 3. So we have the following proposition. 
. Now φ can be extended to an L-colouring of G − E(P ) by assigning colour φ(v * ) to v 1 and v 3 .
Case 5 v 1 , v 3 have no common neighbour other than v 2 .
We properly colour v 3 , v 2 , v 1 in this order by colours c 3 , 1 , v 2 , v 3 } and let L ′ be obtained from the restriction of L to G ′ by deleting the colours of v 1 , v 2 , v 3 from the lists of their neighbours. Then S G ′ ,L ′ ⊆ S G,L is an independent set.
Since each vertex of G ′ is adjacent to at most one vertex in {v 1 , v 2 , v 3 }, and any vertex of G ′ adjacent to some vertex in {v 1 , v 2 , v 3 } is a boundary vertex of G ′ , we conclude that (G ′ , P, L ′ ) is a target. If (G ′ , P, L ′ ) has a bad vertex x, then x is adjacent to two vertices of P , and hence (G, P, L) has a (1, 1)-2-chord, contrary to Lemma 9. Hence (G ′ , P, L ′ ) has no bad vertex.
Claim 4 For i = 1, 2, 5, v 3 and p i have no common neighbour.
Proof. If y is a common neighbour of v 3 and p 1 , then p 1 v 1 v 2 v 3 y is a face (as G has no separating 5-cycle), implying that d G (v 1 ) < L(v 1 ) , a contradiction. Hence v 3 and p 1 has no common neighbour.
If y is a common neighbour of v 3 and p 2 , then C = v 3 v 2 v 1 p 1 p 2 y cannot be a face (for the same reason as above), and by Lemma 10, there is a unique vertex w in the interior of C, with d G (w) = 3. As d G (v 1 ) ≥ 3, we conclude that v 1 w ∈ E(G), and this implies that v 3 w, p 2 w ∈ E(G), contrary to the assumption that v 1 , v 3 have no common neighbour other than v 2 .
If y is a common neighbour of v 3 and p 5 , then s ≠ 3 (as G is triangle free) and hence s ≥ 5. This implies that y is an interior vertex and hence W = p 5 yv 3 is a feasible 2-chord with P W = 4, contrary to Lemma 5. This completes the proof of Claim 4.
Lemma 13 (G ′ , P, L ′ ) has no bad 4-cycle.
The proof of this lemma is long. We delay its proof to the next section. Now, assume this lemma is true, we continue with the proof of Case 5.
If (G ′ , P, L ′ ) has no bad edge, then (G ′ , P, L ′ ) is a valid target and hence there is an L ′ -colouring of G ′ − E(P ), which extends to an L-colouring of G − E(P ).
Assume (G ′ , P, L ′ ) has q ≥ 1 bad edges e 1 = x 1 y 1 , . . . , e q = x q y q . By Claim 3, we may assume that for j = 1, 2, . . . , q, x j ∈ P and L ′ (y j ) = 2. This implies that y j is adjacent to v 1 , v 2 or v 3 . If y j is adjacent to v 2 , then W = x j y j v 2 is a (1, 2)-2-chord, contrary to Lemma 8. Thus y j is adjacent to v 1 or v 3 . By Claim 1, if y j is adjacent to v 1 , then x j = p 2 , and by Claim 4, if y j is adjacent to v 3 , then x j = p i for some i ∈ {3, 4}.
There is at most one bad edge e j = x j y j with y j adjacent to v 1 , for otherwise, we would have a separating 4-cycle. There are at most two bad edges e = x j y j with y j adjacent to v 3 , for otherwise, we would have a separating 4-cycle or 5-cycle. So 1 ≤ q ≤ 3.
We pre-colour y j for j = 1, 2, . . . , q. Together with vertices in P , the pre-coloured vertices divide G ′ into q + 1 parts: G ′′ 1 , . . . , G ′′ q+1 . Let P ′′ j be the pre-coloured vertices on the boundary of G ′′ j , and let L ′′ j be the restriction of L ′ to G ′′ j , except that vertices of P ′′ j are pre-coloured. Then (G ′′ j , P ′′ j , L ′′ j ) is a target for j = 1, 2, . . . , q + 1. As (G ′ , P, L ′ ) has no bad 4-cycle, each (G ′′ j , P ′′ j , L ′′ j ) has no bad 4-cycle. If v is a bad vertex in (G ′′ j , P ′′ j , L ′′ j ), then v is an interior vertex of G with L(v) = 3 and v is adjacent to some y i (for otherwise v would be a bad vertex in (G ′ , P, L ′ ). Since S G,L is an independent set and L(y j ) = 3, interior neighbours v of y j have L(v) = 4. Hence (G ′′ j , P ′′ j , L ′′ j ) has no bad vertex. As L ′′ j (v) = 2 implies that L ′ (v) = 2, we conclude that (G ′′ j , P ′′ j , L ′′ j ) has no bad edge. Hence each G ′′ j − E(P ′′ j ) has an L ′′ j -colouring. The union of these colourings form an L ′ -colouring of G ′ , which extends to an L-colouring of G. • y 4 is an interior vertex of G ′ .
• y 1 , y 2 , y 3 are consecutive on B(G ′ ).
be the set of edges between {v 1 , v 2 , v 3 } and {y 1 , y 2 , y 3 }. Since G has no bad 4-cycle, E ′ ≠ ∅. Since G has no separating 4-cycle or 5-cycle, each v i is adjacent to at most one of the y j 's. Hence E ′ ≤ 3.
If E ′ = 1, then it follows from Claim 2 that E ′ = {v 3 y 1 } and v 3 y 1 is a boundary edge of G, i.e., y 1 = v 4 and L(v 4 ) = 4, contrary to our assumption.
If E ′ = {v 1 y i , v 2 y j }, then since G has no separating 5-cycle, y i y j ∈ E(G). So either E ′ = {v 1 y 1 , v 2 y 2 } or E ′ = {v 1 y 2 , v 2 y 3 }. In the former case, y 3 is a boundary vertex of G (as S G,L is an independent set and y 3 y 4 is an edge). Hence v 2 y 2 y 3 is a (2, 3)-2-chord, contrary to Lemma 8. In the latter case, y 1 is a boundary vertex of G. Hence v 1 y 2 y 1 is a (3, 3)-2-chord. By Lemma 12, G W,2 is a semi-fan. However, y 4 is an interior vertex of G W,2 , a contradiction.
The case E ′ = {v 3 y i , v 2 y j } is symmetric to the case that
If y i y j is not an edge, then i = 1, j = 3. Now C = v 1 v 2 v 3 y 3 y 4 y 1 is a separating 6cycle. Hence y 2 is the unique interior vertex of C and y 2 v 2 is an edge, contrary to the assumption that E ′ = 2.
Assume y i y j ∈ E(G), say E ′ = {v 1 y 1 , v 3 y 2 }. Then W = v 3 y 2 y 3 is a (3 + , 3)-2-chord. By Lemma 12, G W,2 is a semi-fan with center y 2 , and with G W,2 − {y 2 } be a path
Since v 1 v 2 v 3 y 2 y 1 is a face, we conclude that d G (v 3 ) = 3. Hence L(v 3 ) = 3, and v 3 v 4 y 3 y 2 is a bad 4-cycle in G, a contradiciton.
In the remainder of this section, we assume that E ′ = 3. Hence
We shall pre-colour all those vertices in A ∪ B. The pre-coloured vertices (including vertices in P ) divide G ′′ into several parts, say G ′′ 1 , G ′′ 2 , . . . , G ′′ q . Let P ′′ j be the precoloured vertices in G ′′ j , and let L ′′ j be the restriction of L ′′ to G ′′ j , except that vertices in P ′′ j are pre-coloured. Then we shall prove that each G ′′ j has an L ′′ j -colouring. The union of these colourings form an L ′′ -colouring of G ′′ , which extends to an L-colouring of G. Now it is easy to show that each (G ′′ j , P ′′ j , L ′′ j ) has no bad 4-cycle and no bad edge. However, they may still have bad vertices. What we do is to pre-colour those bad vertices. Then by deleting some irrelevant pre-coloured vertices, we reduce each (G ′′ j , P ′′ j , L ′′ j ) into a smaller target. Now we can show that the reduced targets are valid, and we produce an L ′′ -colouring of G ′′ , which extends to an L-colouring of G.
Depending on the sizes of A and B, we need to consider a few cases. As noted above, A ≤ 1 and B ≤ 2.
All these cases are similar. We shall just consider in the detail the most complicated case that A = 1 and B = 2. For the other cases, we point out the places the argument needs to be slightly modified. Assume A = {y} and B = {y ′ , y ′′ }. Note that it may happen that y = y 1 or y ′ = y 3 , but as we have shown above, we cannot have both y = y 1 or y ′ = y 3 .
We pre-colour y, y ′ , y ′′ . The pre-coloured vertices (including vertices in P ) divides G ′′ into four parts, say G ′′ 1 , G ′′ 2 , G ′′ 3 , G ′′ 4 . Let P ′′ j be the pre-coloured vertices in G ′′ j , and let L ′′ j be the restriction of L ′′ to G ′′ j , except that vertices in P ′′ j are pre-coloured. As L ′′ (v) = 2 implies that L ′ (v) = 2, and (G ′ , P, L ′ ) has no bad 4-cycle, we know that (G ′′ j , P ′′ j , L ′′ j ) has no bad 4-cycle. (Note that the colours of y, y ′ , y ′′ are not removed from the lists of their neighbours). Also y, y ′ , y ′′ are the only vertices v for which L ′ (v) = 2 < L(v) and y, y ′ , y ′′ are pre-coloured in (G ′′ j , P ′′ j , L ′′ j ). Hence (G ′′ j , P ′′ j , L ′′ j ) has no bad edge. If y ′ is adjacent to p 3 , then P ′′ j ≤ 4 for j = 1, 2, 3, 4. Hence each (G ′′ j , P ′′ j , L ′′ j ) has no bad vertex and each (G ′′ j , P ′′ j , L ′′ j ) is valid. Each G ′′ j has an L ′′ j -colouring, the union of these colourings form an L ′′ -colouring of G ′′ , which extends to an L-colouring of G.
Assume y ′ is adjacent to p 4 . Then y ′′ is also adjacent to p 4 . For j = 1, 3, 4, P ′′ j ≤ 4 and hence (G ′′ j , P ′′ j , L ′′ j ) has no bad vertex. If (G ′′ 2 , P ′′ 2 , L ′′ 2 ) has no bad vertex, then each (G ′′ j , P ′′ j , L ′′ j ) is valid. Hence each G ′′ j has an L ′′ j -colouring, the union of these colourings form an L ′′ -colouring of G ′′ , which extends to an L-colouring of G.
Assume (G ′′ 2 , P ′′ 2 , L ′′ 2 ) has a bad vertex v. Then L ′′ (v) = L(v) = 3 and v is adjacent to two vertices of P ′′ 2 .
Since v is not a bad vertex in (G, P, L), v is adjacent to at least one vertex from {y, y ′ }. If v is adjacent to both y and y ′ , then since S G,L is an independent set, we know that L(y) = L(y ′ ) = 4, and hence each of y, y ′ has two neighbours in {v 1 , v 2 , v 3 , y 2 }. Hence y = y 1 , y ′ = y 3 . However, as we have shown above, we cannot have both y = y 1 and y ′ = y 3 . Thus v is adjacent to exactly one of y, y ′ . By the symmetry, we assume y = y 1 and y ′ ≠ y 3 , see Figure 2 (b). As S G,L is an independent set and by Lemma 9 , v is adjacent to y 1 and p i for i ∈ {3, 4}. We pre-colour v. The pre-coloured vertices divides G ′′ 2 into G ′′ 2,1 and G ′′ 2,2 . Let P ′′ 2,t be the pre-coloured vertices in G ′′ 2,t , and let L ′′ 2,t be the restriction of L ′′ to G ′′ 2,t , except that vertices in P ′′ 2,t are pre-coloured. As P ′′ 2,t ≤ 4, each (G ′′ 2,t , P ′′ 2,t , L ′′ 2,t ) has no bad vertex. As L ′′ 2,t (w) = L ′′ (w) for each vertex w, except that v is pre-coloured, we conclude that each (G ′′ 2,t , P ′′ 2,t , L ′′ 2,t ) has no bad 4-cycle and no bad edge. Hence each (G ′′ 2,t , P ′′ 2,t , L ′′ 2,t ) is valid. Thus G ′′ j for j = 1, 3, 4 has an L ′′ j -colouring and G ′′ 2,t for t = 1, 2 has an L ′′ 2,t -colouring. The union of these colourings form an L ′′ -colouring of G ′′ , which extends to an L-colouring of G.
Case 2 A = 1 and B = 0.
Assume A = {y}. We pre-colour y. The pre-coloured vertices (including vertices in P ) divides G ′′ into two parts G ′′ 1 , G ′′ 2 . The same argument as above shows that (G ′′ i , P ′′ i , L ′′ i ) has no bad 4-cycle and no bad edge and (G ′′ 1 , P ′′ 1 , L ′′ 1 ) has no bad vertex. In case (G ′′ 2 , P ′′ 2 , L ′′ 2 ) has a bad vertex v, then y = y 1 and v is adjacent to y and p i for some i ∈ {3, 4, 5}. We pre-colour v which further divide G ′′ 2 into G ′′ 2,1 and G ′′ 2,2 . We apply induction hypothesis to colour G ′′ 1 − E(P ′′ 1 ), G ′′ 2,1 − E(P ′′ 2,1 ) and G ′′ 2,2 − E(P ′′ 2,2 ) separately, and the union is a proper L-colouring of G − E(P ). If i ∈ {3, 4}, then this is done in the same way as in Case 1. If i = 5, i.e., v is adjacent to p 5 and y, then C = yp 2 p 3 p 4 p 5 v is a 6-cycle. If C is a separating cycle, then it contains a unique vertex z, which needs to be adjacent to three vertices in C. This would result in a (1, 1)-2-chord in G, a contradiction. If C is a facial cycle, then the graph G ′′ 2,1 defined above consist of only C, and all the vertices of C are pre-coloured already. So we apply induction hypothesis to colour G ′′ 1 − E(P ′′ 1 ) and G ′′ 2,2 − E(P ′′ 2,2 ) separately, and the union is a proper L-colouring of G − E(P ). Assume A = {y} and B = {y ′ }. We pre-colour y, y ′ . The pre-coloured vertices (including vertices in P ) divides G ′′ into three parts, say G ′′ 1 , G ′′ 2 , G ′′ 3 . We apply induction hypothesis to colour G ′′ 1 − E(P ′′ 1 ), G ′′ 2 − E(P ′′ 2 ) and G ′′ 3 − E(P ′′ 3 ) separately, and the union is a proper L-colouring of G − E(P ).
The cases A = 0 and B = 1 or A = 0 and B = 2 are treated in the same way and we omit the details This completes the proof of Lemma 13.
